
FINITE-SIZE SCALING OF TRANSPORT PROPERTIES FROM
PORE-NETWORK MODELS APPLIED TO A CT-IMAGE OF A BEREA

SANDSTONE SAMPLE

Leonardo de Souza Sá

Dissertação de Mestrado apresentada ao
Programa de Pós-graduação em Engenharia
Química, COPPE, da Universidade Federal
do Rio de Janeiro, como parte dos requisitos
necessários à obtenção do título de Mestre em
Engenharia Química.

Orientadores: Paulo Laranjeira da Cunha Lage
Gabriel Gonçalves da Silva
Ferreira

Rio de Janeiro
Março de 2026



FINITE-SIZE SCALING OF TRANSPORT PROPERTIES FROM
PORE-NETWORK MODELS APPLIED TO A CT-IMAGE OF A BEREA

SANDSTONE SAMPLE

Leonardo de Souza Sá

DISSERTAÇÃO SUBMETIDA AO CORPO DOCENTE DO INSTITUTO
ALBERTO LUIZ COIMBRA DE PÓS-GRADUAÇÃO E PESQUISA DE
ENGENHARIA DA UNIVERSIDADE FEDERAL DO RIO DE JANEIRO COMO
PARTE DOS REQUISITOS NECESSÁRIOS PARA A OBTENÇÃO DO GRAU
DE MESTRE EM CIÊNCIAS EM ENGENHARIA QUÍMICA.

Orientadores: Paulo Laranjeira da Cunha Lage
Gabriel Gonçalves da Silva Ferreira

Aprovada por: Prof. Paulo Couto
Prof. Behzad Ghanbarian

RIO DE JANEIRO, RJ – BRASIL
MARÇO DE 2026





For Waldemar and my family,
for the love and support.

iv



Acknowledgments

My deepest appreciation goes to Prof. Paulo Laranjeira da Cunha Lage and Prof.
Gabriel Gonçalves da Silva Ferreira for their outstanding orientation and insightful
suggestions for my work.

Special thanks to the committee members, Prof. Paulo Couto and Prof. Behzad
Ghanbarian, for their valuable contributions to the evaluation of this work. I must
also thank my colleagues in the ThermoFluid Dynamics Laboratory (LTFD) for
their help with the daily problems faced during the development of my work.

I would also like to acknowledge the support from Shell Company in sponsoring
this project, and other laboratories from COPPE, especially LRAP+, for the close
and fruitful collaboration.

Unending thanks to my family and close friends for the support not only for this
short-term project but also for lifetime encouragement to pursue my goals.

v
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ESCALONAMENTO EM TAMANHO FINITO DE PROPRIEDADES DE
TRANSPORTE OBTIDAS POR MODELOS DE REDE DE POROS APLICADO

A IMAGEM MICROTOMOGRAFICA DE UMA AMOSTRA DE ARENITO
BEREA

Leonardo de Souza Sá

Março/2026

Orientadores: Paulo Laranjeira da Cunha Lage
Gabriel Gonçalves da Silva Ferreira

Programa: Engenharia Química

Neste trabalho, é apresentada uma análise detalhada do escalonamento de coe-
ficientes de permeabilidade e difusão em uma amostra de arenito Berea. Imagens
microtomográficas dessa rocha foram processadas com o algoritmo SNOW2 do Pore-
Spy. Baseadas nas características dessa amostra, foram geradas redes de poros cúbi-
cas de forma aleatória no OpenPNM, fazendo uso do método Random Diameter
Assignment by Size (RDAS) desenvolvido neste trabalho. Os fenômenos de trans-
porte foram simulados nestas redes, gerando coeficientes dependentes com a escala,
os quais foram analisados usando Finite-Size Scaling Analysis (FSSA), que se ba-
seia na teoria da percolação. Para tanto, foi desenvolvido um programa em Python
para gerar e analisar essas redes: o Multi-axis Upscaling of Sandstone Transport
(MUST). Com essa ferramenta, a conectividade crítica da Berea foi determinada
em Zc = 1.49, o que está de acordo com referências da literatura. Os expoentes
críticos para o coeficiente de permeabilidade e para o coeficiente de difusividade
foram obtidos como 2.39 ± 0.07 e 1.7 ± 0.1, respectivamente. Com esses expoentes
e os coeficientes de transporte simulados, foi possível obter as funções de escalona-
mento com três parâmetros que representam o comportamento de colapso dos dados
ditado pela FSSA em cada caso. Essas funções permitem o escalonamento dessas
propriedades e, consequentemente, a previsão das características da rede em maior
escala baseando-se apenas em algumas informações geométricas e topológicas da
rede em escala pequena.
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Abstract of Dissertation presented to COPPE/UFRJ as a partial fulfillment of the
requirements for the degree of Master of Science (M.Sc.)
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Leonardo de Souza Sá
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In this work, we present a detailed analysis of the upscaling of permeability and
diffusivity coefficients in a Berea sandstone sample. A micro-CT image of this rock
was processed by the SNOW2 PoreSpy. Stochastic cubic pore networks with a wide
range of sizes and connectivity were constructed in OpenPNM on the basis of the
characteristics of this original sample using the Random Diameter Assignment by
Size (RDAS) method developed in this work. Transport phenomena were simulated
in these networks, yielding scale-dependent coefficients that were analyzed through
Finite-Size Scaling Analysis (FSSA) from percolation theory. For this purpose, a
Python-based program was developed to generate and analyze these networks: the
Multi-axis Upscaling of Sandstone Transport (MUST). Using this tool, the critical
connectivity of Berea was determined at Zc = 1.49, which matches the values in the
literature. The critical exponents for the coefficients of permeability and diffusivity
were obtained as 2.39± 0.07 and 1.7± 0.1, respectively. With these exponents and
the simulated coefficients, we were able to obtain three-parameter scaling functions
representing the collapsing behavior of the data in the FSSA in each case. These
functions allow for the upscale of these properties and, consequently, prediction of
important network features on larger scales based only on a few geometrical and
topological information at a small scale.
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process of choosing the percolation threshold, determining the critical exponents
using different statistical measures, and defining the proper data space for scaling.

Chapter 5 concludes with the primary outcomes of this work and suggestions for
future research. Complementary information is provided in the Appendices, which
are referenced throughout the text.

3























upscaling the transport properties of porous media using X-ray tomographic images
of rocks. The approach includes analyzing the percolation threshold using adapted
equations to better account for finite-size effects, considering a wide range of linear
sizes, and a robust analysis of the scaling function that predicts the behavior of
the transport property at large scales with limited information and fast simulation
times.

14







The extraction in Stage 1 and the removal in Stage 2 eventually create isolated
pores and small clusters in the network. These elements are problematic be-
cause they result in ill-conditioned linear systems when solving the PNM for a
given transport coefficient. In this case, OpenPNM aborts the process with an
error if the user insists on simulating any phenomenon in such a problematic
network. For this reason, it is necessary to identify these elements and re-
move them before proceeding. Those are: isolated pores, disconnected pores,
headless throats, looped throats, duplicate throats, and bidirectional throats.
Duplicate throats refer to throats that correspond to the same pore-to-pore
connection, for example, throat-1: [A,B] (i.e., connects pore A to pore B)
and throat-2: [A,B]. Bidirectional throats also refer to throats connecting the
same pair of pores but with inverted connections between them, for example,
throat-1: [A,B] and throat-2: [B,A].

In each stage, we computed the number of pores, Np, the number of throats,
Nt, the average coordination number (also referred to as the connectivity), Z, and
the porosity, εBerea. The porosity is by definition the sum of the volumes of pores
and throats divided by the entire volume of the network. However, the extraction
performed with PoreSpy assigns no volume to the throats, so the void volume in the
porosity formula is only due to the volume of the pores:

εBerea =
Vpores

Vtotal
(3.1)

3.1.2 Geometric modeling of the porous space

A PNM is a geometrical simplification of a real porous medium. It allows us to
estimate the hydrological and transport properties of a random, irregular distribu-
tion of gaps through some solid material using a network of connected objects in an
ordered manner.

A PNM is one of many models used to represent the much more complex real
world, which has more information than is necessary to estimate some property, or
sometimes this information can be neglected without losing too much accuracy in
the result. The simplification provided by PNMs comes from the representation of
these gaps as conduits, which connect the entire network structure.

The created PNMs are composed of two geometrical elements, pores and throats,
which are sometimes equivalently referred to as pore-bodies and pore-throats, re-
spectively. These elements connect to form the pore network. In a PNM, a throat
can only connect to at most two pores, and a set composed of a throat connected
to its two adjacent pores is called a conduit.
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Line 13 For each value {ip}k ∈ ip, get the list {M}k of the l neighboring
throats surrounding that pore.

Observation: At this stage, the vectors vp and vt are created, but only the first
was assigned to the pore sites of the network defined in the network skeleton. The
throats that connect the pore sites have null diameters. The following iterative
process assigns the throat diameters, taking into account the SBSR.

Lines 14-15 Start the throat attribution inner loop by looking at each pore
position separately. Then, loop over the neighbor throats of this
pore.

Lines 16-17 For each null throat diameter in {M}k, search for the index Ξ ∈
it,sorted corresponding to the biggest throat diameter respecting the
SBSR. This index is used as an upper limit for the range of throat
diameters that can be attributed to the current empty throat. An
algorithm of binary search was used to speed up the method at this
part.

Lines 18-19 If there is no throat available respecting the SBSR, Ξ = 0, which
triggers the main loop (line 8) to restart.

Lines 20-24 We create a new auxiliary variable Σ, which is initially set to False
if the SBSR is respected in the previous step, i.e., Ξ > 0. Then,
we choose a random integer ξ ∈ [0,Ξ] such that the corresponding
mask in vt,sortedMask is True (i.e., the throat diameter has not yet
been assigned). If the picked ξ results in False at {vt,sortedMask}ξ,
another index in the range ξ ∈ [0,Ξ] is tried because the current
one has already been used.

Lines 25-26 Assign the corresponding throat diameter {vt,sorted}ξ to the net-
work at the index {{M}k}l. Finally, change the corresponding
{vt,sortedMask}ξ so it cannot be picked again by a different throat
position.

Lines 27-28 Checks whether the SBSR is being respected. Otherwise, restart
the main loop.

3.2.3 Transport properties calculation

The simulation of fluid flow requires first the definition of the fluid phases running
through the porous media. The fluid phase used to simulate absolute permeability

30











































0.5 1.0 1.5 2.0 2.5
D (m) ×10 4

0.0

0.2

0.4

0.6

0.8

1.0
H

(D
)

Original pore data
Fitted lognormal

 = -9.98489+/-0.00002
  = 0.81510+/-0.00004
MRE = 5.76%; RMSE = 0.0139
Fitted weibull

 = 1.45780+/-0.00005
  = (6.06609+/-0.00009)e-05
MRE = 9.28%; RMSE = 0.0116
Fitted normal
m = (-8.7163+/-0.0007)e-05
  = (4.8751+/-0.0006)e-05
MRE = 20.98%; RMSE = 0.0233

Figure 4.4: ECDF from original pore data and the fitted CDF for all three continuous
distributions.
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Figure 4.5: ECDF from original throat data and the fitted CDF from all three
distributions.
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Figure 4.6: Scale dependence of permeability for different generated networks net(N ,
Z) above the threshold.
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Figure 4.7: Scale dependence of diffusivity for different generated networks net(N ,
Z) above the threshold.

53









































10 5 10 4 10 3 10 2

L1/ (Z Zc)/Zmax

10 24

10 23

10 22

10 21

10 20

10 19

10 18

10 17

10 16

LtS n
/

K

f(x) = 2-p Model
p1 = 2.42+/-0.02
p2 = -25.9+/-0.1
95% confidence band
PySR

(a) n-Permeability.

10 5 10 4 10 3 10 2

L1/ (Z Zc)/Zmax

10 22

10 21

10 20

10 19

10 18

10 17

10 16

10 15

LtS n
/

K
/

f(x) = 2-p Model
p1 = 2.25+/-0.02
p2 = -25.0+/-0.1
95% confidence band
PySR

(b) np-Permeability.

Figure 4.21: Optimization of the two-parameter function for permeability.

net(N , Z). After N = 40 none of the networks failed. A hypothesis was made that
the data for Z = 1.55, 1.60, 1.65, and 1.70 are in a transition region, which should
not be considered for the FSS analysis. This hypothesis is analyzed in the next
subsection.
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Figure 4.28: Optimization of the three-parameter model for p-diffusivity data.

4.7.3 Using data far from the percolation threshold for p-

Diffusivity

Once again, only the first few points in the FSSA graph are affected by networks
that occasionally fail to produce an SSC. Therefore, we tested optimizing the three-
parameter model considering only the networks with connectivity Z ≥ 1.75, as from
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Figure 4.29: Optimization of the two-parameter model for p-diffusivity data.
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Figure 4.32: Scaling function for p-diffusivity and the corresponding position of the
simulation value for ⟨Deff/ε⟩ from the extracted network.

85


