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Ensemble Averages and Properties

Thermodynamic Properties from Ensemble Averages

» Impossible to compute Q directly for non-trivial systems

» Simulations designed to compute ensemble averages (or,
equivalently, time averages for MD).

» Recall that averages may be computed if probability
density known. For example

(A) = / vt (@, YA, pN) 1)

_ Jdp*Ndg® exp [-B(H (PN, *Y)] AP, g°)
J dp>Ndg3N exp [-B(H(p3N, g3N)]

(A) (2)

» Still requires enumeration pN and gN
» Even for n = 100 particles, this is a HUGE space.
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Ensemble Averages and Properties

Thermodynamic Properties from Ensemble Averages

>

Thermodynamic properties obtained from ensemble
averages. Examples:

> with pens(rN) = pPNVT () = exp[—BV ()]

» Excess internal energy: U® = (V)\yt

> Pressure (virial theorem): PV — NkgT = (3 > riF™) ¢
» Excess chemical potential: ;1 = (exp[—Viest]) vt
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Ensemble Averages and Properties
Example: Averages in a 3-state system

Consider the following three-state system at constant NVT.
» Whatis < E > at 200K, 300K, 1000K and 10 000K?
» How does this compare to the arithmetic average energy?
» What percentage of time will the system be in each state?
» Compute this on your own (by “hand” or write a small
program / spreadsheet to do it)

+5kJ/mol ——————

-10 kJ/mol

Q @i
-20 k}/mol L
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Ensemble Averages and Properties
Three State System

Average Energy

v

Eiexp(—E1/(RT)) + Exexp(—E2/(RT)) 4+ Ez exp(—E3/(RT))
exp(—E1/(RT)) + exp(—E2/(RT)) + exp(—E3/(RT )()3

200K: -19.98 kJ/mol

300K: -19.82 kJ/mol

1000K: -16.86 kJ/mol

10 000K: -9.58 kJ/mol

Arithmetic average: (5 — 10 — 20)/3 = —8.33 kJ/mol

vV v.v. v Y
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Ensemble Averages and Properties
Three State System

Percentage time in each state is the probability of each state

P — eXp(_Ei/(RT))
' exp(—E1/(RT)) + exp(—E2/(RT)) + exp(—ES/(RT))(4)

» 200K: P; = 0.000%, P, = 0.244%, P3 = 99.756%

» 300K: P; = 0.004%, P, = 1.782%, P3 = 98.214%

» 1000K: P; = 3.663%, P, = 22.252%, P53 = 74.085%

> 10 000K: P; = 28.181%, P, = 33.753%, P3 = 38.067%
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Ensemble Averages and Properties

Why we can’t compute averages from explicit

integration for fluids?

The number of “states” available to a fluid are enormous
» 300 molecules
» 300 x 3 positions
» Number of relative positions is nearly infinite
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Ensemble Averages and Properties
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Ensemble Averages and Properties

Why we can’t compute averages from explicit

integration for fluids?

=

E3

Even highly improbable configurations must be counted (and
actually make up most configurations!)
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Ensemble Averages and Properties

Thermodynamic Properties from Ensemble Averages

What if we could generate configurations that appeared in a
simulation with probability

Psim (CIN) = PNVT (5)

Then for N configurations

1N
(At = N ZA(CLN) (6)

i=1

That would be great!
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Ensemble Averages and Properties

Generating Configurations Accordings to a Probability

Distribution

Molecular dynamics does this
» Equations of motion: (g, pN) evolve with time

How would this be done without having to integrate equations
of motion?
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